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After a preliminary discussion of rank 3 permutation groups, attention is focused 
on the case where the stabilizer of a point is the Ree group F= ‘F,(2) and the 
subdegrees are 1755 and 2304. If there is a rank 3 permutation group with F as 
point stabilizer and the above subdegrees then it is shown to be a simple group G of 
order 2143’5’7 . 13 . 29 and the conjugacy classes of elements of G are determined. 
It is shown that such a group G has a proper covering group d with center of order 
two and also that G has no outer automorphisms. 
1. RANK 3 GROUPS 
Let (G, X) be a transitive permutation group (i.e., a faithful transitive 
representation of the group G into the symmetric group xx of all 
permutations of the finite set X). If the stabilizer G, = {g E G ) xg = x} of an 
element x in X has exactly n orbits on X, then (G, X) is said to be a rank n 
permutation group and the lengths of the orbits of G, on X are called the 
subdegrees of (G, X). Thus a rank 2 permutation group is just a doubly tran- 
sitive permutation group. The orbits of G, on X are in one-to-one correspon- 
dence with the double costs of G, in G in a way so that the orbit containing 
xg corresponds to the double coset G, gG,. 
If (G, X) is a rank 3 group, the case of interest here, we denote the orbits 
of G, on X by {x}, d(x), and T(x), the notation chosen so that d(xg) = d(x) g 
for each g in G. This situation can also be described in the language of graph 
theory. A (directed) graph .Y is constructed with vertex set X and where the 
ordered pair (x, y) is an edge if, and only if, y Ed(x). In general, for graphs 
defined in this way (x, y) an edge does not imply that (y, x) is an edge. 
However, if G contains involutions, which is the case for all groups G 
considered here, then (x, y) is an edge if, and only if, (y, x) is an edge, so 
that .‘F may be considered an undirected graph. It is then possible to speak of 
x and y being connected if (x, y) is an edge. In this language d(x) is the set 
of all points connected to x, T(x) is the set of all points not connected to x, if 
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y E d(x), then d(x) C-J d(y) is the set of all points w which are connected to 
both the points x and y which are connected to each other, and if z E Z(x), 
then d(x) n d(z) is the set of all points u which are connected to both the 
points x and z which are not connected to each other. 
In his fundamental paper on rank 3 groups [3 ] D. G. Higman introduced 
the parameter set (k, I, ,u, A), where k = Id(x I = jr(x)i, p = Id(x) n d(z)1 
for z E T(X) and 1= Id(x) f?~I(y)i for y Ed(x). Since G, is transitive on 
d(x) and on T(x), p and 2 are independent of the choice of z E T(x) and 
y E d(x). The parameters (k, 1. ,u, L) are not independent. To see this choose a 
point x and count the pairs (y, z) such that y E d(x), z E T(x), and z E d(y). 
On the one hand this number is Zp because there are I = IT(x)1 points z not 
connected to x and for each such z there are p = Id(x) n d(z)1 points y 
connected to both x and z. On the other hand this number is k(k -L - 1) 
because there are k = /,4(x)1 points y connected to x and for each such y 
there are k-L- 1 = Id(y)1 -(d(x)nd(y)j - I{y}I = IA(y) points z 
connected to y but not to x. Thus 1~ = k(k - 1- l), so given k and A (or for 
that matter given k alone as J < k) there are only finitely many possibilities 
for 1 and ,u. Actually, there are further relations on k, 1, ,u, and 1, which we 
will not derive here but which serve to restrict the possibilities for parameter 
sets even further: (1) (1 -,B)’ + 4(k -,u) is an integer square, say d2 and (2) 
P + (1 -pu)(k + 0)/d is an integer which is odd if n = (X( = k + I+ 1 is 
even and is twice an odd number if n is odd. These additional relations arise 
during the derivation of the degrees of the irreducible components of the 
permutation character of (G,X) from the parameters (k, l,y, 1). Details of 
this may be found in Higman’s paper. 
With this information in mind we are interested in turning things around 
so that given a transitive permutation group (H,A) we want to find the 
rank 3 groups (if any) (G, X) such that (G,, d(x)) is isomorphic (as a 
permutation group) to (H,A). We begin by observing that this implies we 
know k=JAI=/A(x)( and h ave some control over 1 as 1 must be a (possibly 
empty) sum of subdegrees of (H,A) which we assume to be given from our 
knowledge of (H, A). To see that L is a sum of subdegrees of (H. A) choose 
a E A and observe that (H,, A) is isomorphic to (Gx,y, d(x)) for some 
y E d(x) by restriction of the isomorphism between (H,A) and (G, d(x)). 
Since d(x)nd(y) is a G,,, -invariant subset of d(x) it must be a union of 
orbits of G,,, on d(x) so by the definition of subdegrees, L = Id(x) n A( y)J is 
a sum of subdegrees of (G,, d(x)) or equivalently (H, A). In particular, if 
(H, A) is a rank m permutation group, then there are at most 2” - 1 
possibilities for A. So given the subdegrees of (EZ, A) it is a mechanical (but 
time consuming) procedure to compute all possible parameter sets (k, l,,u, ,I) 
for a rank 3 group (G, X) such that (G,, d(x)) N (H, A), 
Next we consider what can be done if the subdegrees of (H, A) give rise to 
one or more parameter sets. First of all H N G, must have a subgroup of 
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index 1 or else there cannot be any appropriate orbit T(X) for G,. In 
particular, 1 must divide the order of H and this simple condition usually 
rules out all but a few cases. If 1 does divide JHJ it may be difficult to decide 
if H has a subgroup of index 1. Assuming next that H does have subgroups 
of index I it is necessary to check that p is the sum of the lengths of some 
orbits of such a subgroup on A, as otherwise the parameter set is again ruled 
out. This requires detailed knowledge about the group H, its permutation 
representations of degree k and 1, and how they interact with one another. 
Next we take up some connections between rank 3 groups and simple 
groups. If one is studying rank 3 groups in order to find new simple groups it 
is important hat (H, A) be chosen in a way so as to guarantee that if (G, X) 
exists, then G or at worst its commutator subgroup G’ will be a simple 
group. To this end we have 
LEMMA 1.1. Suppose G is a finite group and H is a maximal subgroup 
of G such that: 
(a) H is simple, and 
(b) (G : H] is not a power of the order of any simple group, i.e., is not 
the order of any characteristically simple group. 
Then G is simple. 
Proof. Suppose G is not simple and let K be a minimal normal subgroup 
of G. Then K has no proper characteristic subgroups and so is a charac- 
teristically simple group. Since K is normal in G, HK is a group, which must 
be either H or G because H is maximal in G, and H n K is a normal 
subgroup of H, which must be either (1) or H because H is simple. Now 
IHKJ=JHJJKJ/JHnKj which can be rewritten as jKJ=JHK1)HnKl/jHI 
and we have the following four cases: 
(1) HK=H and HnK={l}. Then ~K(=~H(J{l)~/~HI=(l} so 
K = { 1) and G is simple. 
(2) HK = H and Hn K = H. But then K = H so H is normal in G. 
Since H is maximal in G, G/H has no proper subgroups, and thus has prime 
order q, and since I G/H\ = [G : H] = q we have contradicted (b) above. 
(3) HK=G and HnK= 11). Then (KI=IGI({l}I/JHI=IG1/IHI= 
[G : H] again contradicting (b) above as K is characteristically simple. 
(4) HK=G and HnK=H. Then JKI=IG(JHI/IHI=IGI so K=G 
and G is simple. 
The above lemma can be extended to cover cases where H is not simple 
but where the only proper normal subgroup of H is its commutator subgroup 
184 ARUNAS RUDVALIS 
H’ which we also assume to have prime index p in H. In order to handle this 
case we need: 
LEMMA 1.2. Suppose G is a finite group with a maximal subgroup P of 
prime order p. Then either P is normal in G or G has a normal subgroup Q 
of index p in G. 
Proof If P is not normal in G, then N,(P) = P necause P is maximal in 
G. Then P is in the center of N,(P) = P so G has a normal subgroup Q of 
index p by Burnside’s theorem on normal p-complements. 
LEMMA 1.3. Suppose G is a finite group and H is a maximal subgroup 
of G such that 
(a) The commutator subgroup H’ of H is simple, is the unique proper 
normal subgroup of H, and has index p in H for some prime p; and 
(b) [G : H] is not a power of the order of any simple group. 
Then either G is simple or G’ is simple, has index p in G, and is the unique 
proper normal subgroup of G. 
Proof Using the notation of the proof of Lemma 1.1 we have only to 
consider two additional cases in which H n K = H’: 
(5) HK=G and HnK=H’. Then ]K]=]G]]H’]/]H]= 
lWW:H’l =IWP so K is a normal subgroup of index p in G. 
(6) HK=H and HnK=H’. Then ]K]=IH]]H’]/]H]=]H’] so 
H’ = K. But then H/H’ has order p and is a maximal subgroup of G/H’ so 
by Lemma 1.2 either H/H’ is normal in G/H’ in which case H is normal in 
G so we can apply the argument of case (2) of 1.1 to get a contradiction or 
G/H’ has a normal subgroup of index p whose inverse image in G is a 
normal subgroup K of index p in G. 
In the cases where K is a normal subgroup of index p in G, K 1’7 H = H’ is a 
maximal subgroup of K such that: 
(a) H’ is simple, and 
(b) [K:H’]=[G:H] is not a power of the order of any simple 
group. 
Thus K is simple by Lemma 1.1. But then G’ c K and G’ n K is a normal 
subgroup of K containing K’. Since K is simple K’ = K so G’ fl K = K so 
KC G’ proving that K = G’. 
Since a rank 3 permutation group (G, X) is primitive (i.e., G, is a maximal 
subgroup of G) whenever A < k - 1 we see that a rank 3 group (G, X) is 
simple if 
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(1) A<k-1, 
(2) [G : G,] = 1X( = n = k + I+ 1 is not a power of the order of any 
simple group, and 
(3) G, is simple. 
If we replace (3) by the assumption that G, has a simple commutator 
subgroup of prime index p which is the unique proper normal subgroup of 
G, then either G is simple or has a simple commutator subgroup of index p 
in G, which is the unique proper normal subgroup of G. In what follows we 
refer to such groups, (i.e., ones satisfying the conclusion of Lemma 1.3) as 
nearly simple groups. 
The author has computed (using electronic computers) catalogs of all 
possible parameter sets for a rank 3 group with either k < 200 or n < 2000 
and there are very few cases where IX] = n = k + 1+ 1 turns out to be a 
power of the order of any simple group. 
If (X] is odd, then G, has odd index in G so G and G, E H have 
isomorphic Sylow 2-subgroups. However, in most cases a simple (or nearly 
simple) group is determined by its Sylow 2-subgroup so we do not expect G, 
to be a simple group. There are exceptions to this general principle and much 
is known about such exceptions but we omit any discussion of them here. 
The expected situation when G, has odd index in G is that G, is a 2-local 
subgroup of G, i.e., the normalizer in G of some 2-subgroup of G, and more 
precisely a 2-local subgroup of G containing a Sylow 2subgroup of G. 
Turning things around we see that if G, is to be (nearly) simple then we 
expect the index [G : G,] = n = k + 1-t 1 to be even. But then precisely one 
of k and 1 must be odd. Since we have already observed that subgroups of 
odd index in nearly simple groups are usually 2-local subgroups we take as 
our operating assumption that k is odd and that H, is a 2-local subgroup of 
H which contains a Sylow 2-subgroup of H. As further evidence we remark 
that in all known cases of rank 3 groups (G, X) with G simple, G, nearly 
simple, and ]X( = [G : G,] even, we have G,,, a 2-local subgroup of G, 
whenever y is chosen from the orbit of odd length of G, on X. It is natural to 
ask how much is known about such permutation representations of H in 
general and more precisely (for our purposes here) how much is known 
about their subdegrees. Unfortunately, not much is known about such 
permutation representations, but fortunately there are some large families of 
cases where it is possible to say quite a bit. First, if H is a group of Lie type 
of characteristic 2 then parabolic subgroups of H are all 2-local subgroups of 
H containing a Sylow 2subgroup of H and techniques from Lie theory can 
be used to obtain the subdegrees. Next, if z is an involution in H which is 
central in some Sylow 2-subgroup of H, then the conjugacy class A = z” of 
elements of H containing z has odd cardinality and if the character table of 
H is available, then one can at least determine for each conjugacy class Ci of 
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elements of H the number of conjugates z’ of z such that zz’ E Ci. Since 
these numbers are the sizes of C,(z) = Ha-invariant subsets of A they are 
often sufficient for determining the subdegrees of (H, A) = (H, z”). 
Taking all this information into account a program was devised to search 
for new simple rank 3 permutation groups. A part of this program involved a 
careful examination of cases where H N G, was a group of Lie type of 
characteristic 2 and the stabilizer of a point in (H, A) was a maximal 
parabolic subgroup of H. The results, for the most part, were negative and 
will be reported elsewhere. In the rest of this paper we discuss in some detail 
a success of this program, namely, a new sporadic simple group of order 
21433537 . 13 . 29 having a rank 3 permutation representation of degree 4060 
in which the stabilizer of a point is the Ree group ‘Fd(2) of order 2’23352 13. 
2. A RANK 3 GROUP OF DEGREE 4060 
The case (H, A) with H isomorphic to the (nonsimple) Ree group 
F = *F4(2) of order 212335 213 or to its (simple) commutator subgroup 
F’ = ‘Fd(2)’ of order 21’335213 and where A is a conjugacy class of 1755 
involutions central in some Sylow 2-subgroup of H (the group H, is the 
centralizer of the involution a and is one of the maximal parabolic subgroups 
mentioned above) gave rise to six parameter sets, all but one of which were 
easily eliminated. The remaining set had k = 1755, I = 2304, lu = 780, and 
;1=730. In what follows we write IHJ=2’r+335213, where E= 1 ifH=F 
and e=O ifH =F’. 
LEMMA 2.1. If H has a subgroup S of index 2304, then S n H’ 21 
PSL,(25). In particular, S has a subgroup of index 2” isomorphic to 
PSL,(25). 
Proof: Since 2304 = 2832, S has order 23t 3 . 52 . 13. Elements of order 
13 are self-centralizing in H (see the Character Table of F in Appendix 3) 
and therefore certainly in S, so S has trivial center. If S were solvable, then 
a Hall { 5, 13}-subgroup would have order 52 13 and it follows from Sylow’s 
theorem that a group of this order has normal (and thus central) Sylow 13- 
subgroup, contradicting our observation that elements of order 13 are self- 
centralizing in S. Consequently, S is nonsolvable and thus has a nonabelian 
simple composition factor of order a multiple of 13. However, the only 
nonabelian simple group of order a multiple of 13 dividing 23+ 3 . 5’ . 13 is 
PSL,(25) of order 233 . 52. 13. Since S has trivial center this simple 
composition factor must be a normal subgroup of index 2” isomorphic to 
PSL,(25). 
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Remark. The above lemma does not prove that H has any subgroup S of 
index 2304 but it does prove that if H has such a subgroup then S N 
PSL,(25) if H = F’ and S has a subgroup H’ n S of index two isomorphic 
to PSL,(25) if H N F. In the latter case, it follows from the fact that all 
involutions in F are already in F’ that all involutions in S are in S’ = 
H’ n S. Therefore S must be isomorphic to the subgroup of even 
permutations in the action PTL,(25) on the 26 points of the projective line 
over GF(25) and so is determined up to isomorphism. 
The above lemma together with a knowledge of the character tables of F 
and F’ enables us to determine the unique possibility for a permutation 
character of degree 2304, as displayed in Table I. We are now interested in 
determining the orbits of S on A. From Table I it follows that S has two 
orbits on A if H N_ F and three such orbits if H N F’. One of these orbits has 
odd length and if a is chosen from an orbit of odd length, then \a’ I= 
lS:SnH,] is odd so that S n H, must contain a Sylow 2-subgroup of S. 
Since lH,I = 2 “+&5, lSnH,/=23+E or 2 ‘+9. In the latter case S n H, 
would have a subgroup S’ n H, of order 235. Such a group has a normal 
Sylow 5-subgroup and since Aut(Z,) N_ Z, we see that S’ n H, must have an 
involution centralizing a group of order 5, contradicting the fact that 
involutions in PSL,(25) have centralizer of order 233 which is prime to 5. 
Thus, ISfY H,I = 23+” so lasJ = 23+“3. 5’13/23’“= 3. 5’. 13 = 975 and 
then A - a, is an S-invariant subset of A with cardinality 1755 - 975 = 780. 
Consequently, the parameter p = 780 is consistent with the way a subgroup 
S of index 2304 of H must act on A. 
At this point we have enough evidence to begin speaking about our 
(hypothetical) group G which must have order 2”tE335213(1 + 1755 + 
2304 = 4060) = 2 ‘1+E335213(225 . 7. 29) = 2’3+93537. 13. 29, where 
E= 1 if H-F and E=O if HNF’. 
The next step is to determine the permutation character 71 of the 
(hypothetical) permutation group (G,X). The permutation characters of F 
and F’ on A and on a conjugacy class of 2304 (hypothetical) subgroups 
isomorphic to PSL,(25) were determined and the principal character of H 
was added to the sum of these to obtain the values of rr on those elements of 
G which are conjugate to elements of H. Since x has value 0 on the 
remaining classes of G, rc is completely determined. This is all displayed in 
Table I, where a * in the class name column (e.g., 8C*) indicates that the 
class splits into two classes in F’ and representatives of each of these two 
classes have the same centralizer order as in F. Where it is obvious (say, if 
H has only one conjugacy class of elements of a given order with a 
particular value on n) the order of C,(x) is given, and the columns headed 
x783 and x3276 give the values of the two nonprincipal components of 7~. 
In the following section we determine the centralizers in G (or at least 
their orders) for all elements of prime order p > 2 in G and show that H = F. 
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3. ELEMENTS OF PRIME ORDER IN G 
We begin by determining the centralizer orders in G for all elements of 
prime order in H and in most cases we determine the centralizers themselves 
up to isomorphism. 
LEMMA 3.1. The two conjugacy classes of involutions in H are fused in 
G.Ifzisoneofthem,thenIC,(~)l=2”+~3~5,wheree=l ifH=Fand 
E = 0 if H N F’. In both cases z is central in some Sylow 2-subgroup of G. 
Any element of order 3 or 5 of G which commutes with z is conjugate to an 
element of H. 
Proof If z, from A and z2 are representatives of the two conjugacy 
classes of involutions of H (this is unambiguous because all involutions in F 
are already in F’ as can be seen from Table I), then ] C,(z,)( = 2”+Y and 
) C,(z,)j = 29+ E3. s ince 7~(zi) = rc(z*) = 92 = 2*23 which does not divide ] G], 
z, and z2 must fuse in G. From 92 = [C,(z,) : C,,,(z,)] + [C,(z,) : C,(z,)J 
and the above orders of C,,(z)) we get ]C,(z)] = 213+3 . 5. Since zr 
commutes with elements of order 5 in H and z2 commutes with elements of 
order 3 in H it follows that elements of order 3 or 5 in G which commute 
with z are conjugate to elements of H. 
LEMMA 3.2. A Sylow 3subgroup of G is nonabelian of order 3 and 
exponent 3. All elements of order 3 are conjugate in G and ty t is one of them, 
then 1 Co(t)\ = 23tE335 and C,(t)/(t) is isomorphic to M,, if E = 1 and to A, 
zf E = 0. In both cases C,(t) has only one conjugacy class of involutions and 
such involutions are conjugate to z of the previous lemma, (i.e., to elements 
of W. 
Proof. Sylow 3-subgroups of H are known to be nonabelian of order 33 
and exponent 3 and since 3 j4060 = [G : H] it is clear that G and H have 
isomorphic Sylow 3-subgroups. Since H is known to have only one 
conjugacy class of elements of order 3, the same must be true of G. If t is an 
element of order 3 of H, then n(t) = 10 so 1 C,(t)] = 10 ] C,(t)\ = 10(22+E33) = 
23t”335. Since n,,5s(t) = 0 and n23o4(t) = 9 and since PSL,(25) has only one 
conjugacy class of elements of order 3 we see that C,(t) is transitive on the 
remaining nine points of X fixed by t. This means that there is a 
homomorphism 4: Co(t) -+ EL,,, the symmetric group of degree ten, induced 
by the action of Co(t) on the ten points fixed by t, and the image of $ is 
doubly transitive,but not quadruply transitive as 711) C,(t)]. Since the only 
doubly but not quadruply transitive subgroups of C,, are subgroups of 
PI’L,(9) N Aut(A,) containing PSL,(9) N_ A,, im(#) has order a multiple of 
] As] = 2j3’5 so that ker($) has order a multiple of 3 dividing 23. There are 
no involutions in ker(d) because such involutions would be in Z(C,(t)) and 
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thus have centralizer of order a multiple of 33 on the one hand and on the 
other hand they would fix at least the ten points fixed by t and thus be 
conjugate to z contradicting (C,(z)1 = 2 13+‘3 . 5 from the same lemma. This 
establishes ker@) = (t) so imU> has order 23t325. Since a Sylow 3- 
subgroup of CH(t) is nonabelian of exponent 3, (t) is the commutator 
subgroup of this Sylow 3subgroup and so is certainly in the commutator 
subgroup of C,(t). Thus Co(t) has a subgroup of index 2” isomorphic to the 
3-fold proper covering a, of A,. Since the centralizer of Z(a,) in Aut(A,) is 
isomorphic to the 3-fold proper covering @lo of M,, we see that C,(t) must 
be isomorphic to Q,, if E = 1 and to a, if E = 0. In each case C,(t) is deter- 
mined up to isomorphism. Furthermore, since all involutions in M,, are 
already in its commutator subgroup A 6, which has only one conjugacy class 
of involutions, we see that all involutions in Co(t) are conjugate, and from 
Lemma 3.1 they are all conjugate to z, i.e., to elements of H. 
Looking at the last statement above from another point of view we see 
that if v is any involution of G which is not conjugate to z, then C,(u) has 
order relatively prime to 3, an observation which will prove useful later on 
when we actually exhibit such involutions. 
LEMMA 3.3. H has only one conjugacy class of elements of order 13 if 
H N F and precisely two such classes if H N F’. If q is an element of order 13 
of G, then C,(q) = (q) x V, where V is elementary abelian of order 2’. The 
involutions in V are all conjugate in G and none of them is conjugate to the 
involution z of 3.1. The order of ZV,((q)) is 23+E3 - 13 and No((q))/C,((q)) 
is cyclic of order 2 ’ ’ “3. 
Proof: The group H has one conjugacy class of elements of order 13 if 
H 2: F and two such classes if H N I;‘. If q is an element of order 13 of H, 
then n(q) = 4 and we have the following possibilities: 
(1) HE F, IC,(q)j = 4 /C,(q)/ = 2*13. 
(2) H N F’, G has two conjugacy classes of element of order 13, 
lw)l= 4 Ic,(d = 2213. 
(3) H N I;‘, G has only one conjugacy class of elements of order 13, 
so 1 C,(q)/ = 2 1 C,(q)1 = 2 * 13. 
Writing Co(q) = (q) x V it is clear that V has order 2* in the first two cases 
and order 2 in the last case, so in any case V has an involution v which is 
not conjugate to z by Lemma 3.1 since it commutes with elements of 
order 13. If t is an element of order 3 in N,((q)) (which has order 
2l+“3 . 13) then t acts on V N Co(q)/(q) and it must act fixed point free 
because by Lemma 3.2 t cannot centralize any involution in V. Thus the only 
possibility is that V is elementary abelian of order 2* and t acts faithfully on 
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the three involutions in V. Thus all involutions in V are conjugate in N,((q)) 
and thus in G. Since 1 C,(q)1 must be 2’ 13, the third possibility above is ruled 
out so that G has the same number of conjugacy classes of elements of order 
13 as H, i.e., 2’-’ such classes. It follows that N,((q))/C,(q) is cyclic of 
order 2’+” 3 and so JN,((q))l = 2’13 . 2’+&3 = 23+E3 . 13. 
The next task is to determine C,(u) = C,(V) and N,(V), where V is the 
elementary abelian group of order 2* in Lemma 3.3. Since the centralizer of 
V in N&(q)) has order 2 3+E13, the order of C,(v) is a multiple of 23+E13. 
On the other hand, the involutions in V are not conjugate to z so by 
Lemma 3.2. they do not commute with any elements of order 3 in G, so the 
order of C,(V) divides 213+E537 . 13 . 29. 
LEMMA 3.4. If C,(v) is solvable, then (q) is a normal subgroup of C,(v) 
so C,(v) E N,(h)). Th is means C,(u) has order 23tE so C,(v) = C,(V). 
Then NG(WGP7 = Z3 so N&9 = N,(h)). 
Proof. From the discussion above, C = C,(u) has order a multiple of 
23+“13 dividing 2 13+‘5 37 . 13 s 29. Furthermore, elements of order 13 in C 
have centralizer of order 2* 13 in C. It follows that C cannot have any 
elements of orders 5, 7, or 29 because Hall (5, 13}, (7, 13}, or {13,29) 
subgroups of C would have normal (by Sylow’s theorem) and thus central 
Sylow 13-subgroups contradicting Lemma 3.3. Consequently, if C is solvable 
then it has order dividing 2 l3 ” 13. The number of Sylow 13-subgroups of C 
is IC : W(d)L which divides 2’3tE13/23eE13 = 21°. However, 2 is a 
primitive root modulo (13) so the only power of 2 less than 2’* which is 
congruent to 1 modulo (13) is 2’ = 1. Thus (q) is a normal (and even a 
characteristic) subgroup of C, so C = C,(v) s N&(q)) as claimed. But if 
N = NJ(q)) then C = C,(u) = C,(u) has order 23 “13 proving the second 
assertion. Finally, NJ V’)/C,( v) is isomorphic to a subgroup of Aut(V) 2: 
GL,(2) N C, which does not contain any involutions because such 
involutions would centralize one involution in V while interchanging the 
other two contradicting C,(u) = C,(V), for any involution z, in V, so 
NG(V)ICG(V) LX z3 and then IN,(v)1 = 3 [C,(V) = 23+E3 . 13 = IN,((q))l. 
But (q) is normal in N,(V) because it is characteristic in C,(V) so N&v) = 
N&(q)) as claimed. 
LEMMA 3.5. C,(u) is not solvable. 
Proof. The proof is a matter of showing that if N = NG(v) is solvable, 
then it has order a multiple of 24t E contradicting Lemma 3.4. We assume 
that C,(U) is solvable so that we may use the conclusions of Lemma 3.4. 
Recall from the proof of Lemma 3.3 that C,(t) N N,((q))/C,(q) is cyclic of 
order 2”” 3 and thus has a unique involution which commutes with t and 
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thus is conjugate to z by Lemma 3.2. Call this involution z and consider the 
elementary abelian group E = (V, z) of order 2-’ which has centralizer E of 
order 23+E in N. In fact J!?= C,(E) because C,(E) & C,(V) E N (the last 
inclusion is from Lemma 3.4) from which see that E= C,(E) is normal in 
N,(E). Conversely, E is the subgroup of E generated by involutions and thus 
is characteristic in E from which it follows that E is normal in N,(E). 
Combining the last two statements we have N,(E) = N,(i?). Now i? cannot 
be self-normalizing in any Sylow 2-subgroup of G containing E so N&?) 
must have order a multiple of 24+E so we need only show that V must be 
normal in N,(E) to complete the proof. The elements of E can be partioned 
into subsets {l}, {z}, v#, and zvip where the elements of P’# are all 
conjugate in G, the elements of zV# are all conjugate in G (the element t 
above cyclically permutes the elements of both JJ+ and zF> and z is not 
conjugate in G to any element of V. Since F is the set of nonidentity 
elements of a subgroup of E (namely, V) whereas zv# is not, there is no 
element of N,(E) interchanging v# and zF. Thus, if x is any element of 
N,(E) then the intersection F n (v#)’ is not empty. If this intersection is 
equal to F for all x, then VX = V so x E N,JV) and we are done. Thus we 
may assume v# f’? (F)” = (z?}. If ZY = u then x E C,(v) = C,(V) c N,(V) 
and we are done, so we assume u # vX E V. If t is an element of order 3 in 
N,(V) having z as its unique involution in CN(f), then t E N,(E) as well and 
since elements of order 3 in NJ V) cyclically permute the elements of V# we 
may assume v’ = uX so that rF’ = v which means xt - ’ E C,(u) = C,(V) so 
xE C,(V) tcIV,.JV), and again we get x E NG(V), so that N,(E) E N,(V) in 
all cases. Since we have already established that N,(E) has order a multiple 
of 24+E we have a contradiction to Lemma 3.4 so C,(U) is not solvable. 
LEMMA 3.6. If v is an involution in V, then C,(v) = C,(V). 
c= C,(V)/V is isomorphic to the Suzuki group Sz(8) = 2B,(23) of order 
265 . 7 . 13 and No(V)/V is isomorphic to Aut(Sz(8)), the extension ofSz(8) 
by a field automorphism of order 3 of GF(2’). Consequently E = 1 and 
H N F. 
Proof: C,(v) is not solvable by Lemma 3.5 and since Sz(8) is the only 
non-abelian simple group of order dividing 213+Y37 . 13 . 29, C,(v) must 
have a composition factor isomorphic to Sz(8) and its remaining 
composition factors must be solvable. Let R = Rad(C,(v)) denote the radical 
(i.e., the maximal normal solvable subgroup) of C,(u). Then D = C,(v)/R 
has no solvable normal subgroup so D must have a unique normal subgroup 
S isomorphic to Sz(8) and D/S must act faithfully as outer automorphisms 
on S 1: Sz(8). But the outer automorphism group of Sz(8) is cyclic of 
order 3 [6] while C,(v) (and thus D and D/S as well) has order prime to 3 
so D/S is trivial and D = S = C,(v)/R N Sz(8). Now R has order dividing 
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2’3+E537 . 13 . 29/2? . 7. 13 = 2 7+‘5229 and since Sz(8) cannot act 
faithfully on any group of order dividing 2”“5*29, S = C,(u)/R must 
centralize R. However, an element of order 13 in C,(u) has C,(q) = (q) x V 
so the element q in C,(v) and also its image in S = C,(v)/R centralizes a 
subgroup of V so R s V and R = Z(C,(u)). If R = Z(C,(u)) = (v), then 
CcG,,,(q) = (4) x (0) b ecause q is self-centralizing in Sz(8), contradicting 
C,(q) = (4) x VE C,(v), so R = Z(C,( 1) u must be V so that C,(v) = C,(V) 
as claimed. But then C,(V)/V= C,(V)/R N Sz(8) and N,(V)/V= 
Aut(Sz(8)) follows from the proof of Lemma 3.3 where it was shown that t 
is an element of order 3 normalizing V. Finally, since all elements of 
order 13 are conjugate in Aut(Sz(8)) the same must be true in G so by 
Lemma 3.3, H = F and E = 1. 
The main results of our previous work can be summarized in the following 
omnibus corollary: 
COROLLARY 3.7. (a) /GI = 2’433537 . 13 . 29, Hz F, and G is simple. 
(b) All elements of order 2 in F are conjugate in G, and if z is one of 
them, then ~C,(Z)] = 2143 . 5. Furthermore, the elements of order 3 and 5 in 
Co(z) are conjugate in G to elements of F. 
(c) G has only one conjugacy class of elements of order 3 and if t is 
such an element then / C,(t)1 = 24335. Since C,((t))/(t) NM,,, has only one 
conjugacy class of involutions, all involutions in C,(t) are conjugate to z 
above. Finally, N&(t))/(t) N M’,(9) N Aut(A,). 
(d) G has only one conjugacy class of elements of order 13 and ty q is 
such an element, then C,(q) = (q) x V where V is elementary abelian 
order 22. 
(e) The elements of v# are all conjugate in G and if v is one of them, 
then 1 C,(v)\ = 1 C,(V)] = 2’5 . 7 . 13 and C,(V)/V- Sz(8). Also N,(V)/?’ N 
Aut(Sz(8)). In particular, v and z are not conjugate in G. 
Proof: By Lemma 3.6 there is no rank 3 group G’ of index two in G in 
which the stabilizer of a point (G’), = G’ r‘l H = H’ has index two in H as 
then H’ = ‘F4(2)’ and E = 0, so G is simple by Lemma 1.3. The rest is 
consequence of E = 1 and previous lemmas. 
LEMMA 3.8. If r is an element of order 5 in F, then 1 C,(r)1 = 2353 and 
INa( = 2553 so r is central in some Sylow 5-subgroup of G. 
Proof. Since F has only one conjugacy class of elements of order 5, 
1 Co(r)\ = n(r) l C,(r)1 = ( 10)(225 ‘) = 235 3. Since the nonidentity elements of 
(r) are all conjugate in F and thus in G, NF((r))/CF(r) and thus also 
NG((r)WG( > Y 1 r is c c ic of order 4 so lN,((r))l = 4 (C,(r)1 = 2553. 
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LEMMA 3.9. If d is an element of order 5 in C,(t), then d is not 
conjugate to r. However, d is conjugate to an element of order 5 in C,(V). 
Proof Since 1 C,(d)1 is a multiple of 3 while ) C,(r)1 = 235 3 is not, d and 
r cannot be conjugate in G. If t is an element of order 3 in N,(V), then 
CNGdf) = (0 x z:, where Zz is a Frobenius group of order 20 which may 
be thought of as the (solvable) group Sz(2). Thus elements of order 5 in 
No(V), and thus in C,(V), commute with elements of order 3 and thus are 
conjugate to d as C,(t)/(t) =kI1,,, and thus C,(t) as well, has only one 
conjugacy class of elements of order 5. 
At this point we have determined (C,(x)( for any element x of prime order 
in F and have exhibited elements v and d of orders 2 and 5 respectively of G 
which are not conjugate in G to any elements of F. Next, we look at 
elements of order 7 and 29 but first we need some general lemmas. 
LEMMA 3.10. Let G be a group and H a subgroup of G. Suppose that p 
is a prime and that Sylow p-subgroups of G and H, respectively, have orders 
pa and pb, respectively. If y is an element of G with the property that y does 
not commute with any p-element of G which is conjugate to any element of H, 
then the order pc of a Sylow p-subgroup of C,(y) divides P”-~. 
Proof: Let S be a Sylow p-subgroup of G. Then S contains a conjugate 
S, of some Sylow p-subgroup of H and a conjugate S, of a Sylow p- 
subgroup of C,(y). Since S,S, E S it is clear that 1 S I> ( S,S,l = 
j S,/ /S, l/l S, n S, I. However, the hypothesis on y implies I S, A S, I = 1 so 
ISI>IS,IIS,) and thenpC=IS,I,<ISI/IS,I=pa/pb=pa-b which proves 
that pc divides paeb as claimed. 
Applying this lemma with G = G, H = F, p chosen among the prime 
divisors of I GI and y of order 7 or 29 or y = d, respectively, and using 3.7 we 
obtain 
COROLLARY 3.11. (a) If u is an element of order 7 of G, then I C,(u)1 
divides 225 . 7 . 29. 
(b) If n is an element of order 29 of G, then I C,(n)1 divides 
225 . 7 - 29. 
(c) If d is an element of order 5 in C,(t), then /C,(d)1 divides 
223 . 53 - 7 . 29. 
Our second general lemma gives a convenient factorization of the order of 
the normalizer of a Sylow p-subgroup of any finite group. 
LEMMA 3.12. Let G be a group and P be a Sylowp-subgroup of G. Then 
the integers [G : P] and INo(P)/P( are congruent modulo p. If P is abelian, 
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then IN,(P)/PI = IN,(P)/C,(P)I 1 C,(P)/PI. The first factor a = 
IN,(P)/C,(P)I is the order of a subgroup Am,(P) of Aut(P), whereas the 
second factor b = 1 C,(P)/P ] is not so easily described. However, ab = 
[G : P] mod(P). In the special case where P has order p, Aut(P) N Z,- , so a 
divides p - 1 and in fact (p - 1)/a is then precisely the number of conjugacy 
classes of elements of order p in G. If this latter number (p - 1)/a can be 
determined independently of our analysis of ]N,(P)/P/ then our formula 
becomes b = [G : PI/a mod(p) which gives us good information about b. 
Finally, we remark that tf P is abelian, then we know from Burnside’s 
theorem on normal p-complements that a > 1 whenever G is simple. 
Applying 3.12 to our simple group G with p = 7 we find [G : P] = 
2’4335313 . 29 E 3 mod(7). Since N,(V)/V- Aut(Sz(8)) has only one 
conjugacy class of elements of order 7, the same is true of G so 
(p - 1)/a = 1 or a = p - 1 = 7 - 1 = 6 so that b % 3/6 E 4 mod(7). If u is 
an element of order 7 in C,(V), then Vc C,(u) so b = I C,(u)/(u)] is a 
multiple of 22 which divides 225 . 29 by 3.1 l(a). Since b E 4 mod(7) the 
only possibilities are b = 22 or b = 2229. In the latter case, C,(u)/(u) has a 
unique and thus characteristic Sylow 29-subgroup (by Sylow’s Theorem), so 
NJ(u)) also has a unique and thus normal 29-subgroup P,,. However, if t is 
an element of order 3 in ‘N,((u)) then t must normalize P,, and since 
3$(29 - 1) it must even centralize P,, contradicting 3.7(c). We conclude 
that b = 22 and so have proved 
LEMMA 3.13. G has only one conjugacy class of elements of order 7 and 
if u is an element of order 7 in C,(V), then Co(u) = (u) x V. 
Using 3.13 we see that 3.1 l(b) can be refined to say that 1 C,(n)] divides 
225 . 29. Again applying 3.12 to G but with p = 29 we find [G:P] = 
2’432527 . 13 s 14 mod(29) with a dividing p - 1 = 29 - 1 = 28 = 2*7 and 
b dividing 225. Since a > 1 by Burnside it is easy to see that the only 
possibilities are a = 7 and b = 2 or a = 14 and b = 1. If b = 2 let y be the 
(unique) involution in C,(n). Then y is also the unique (and thus central) 
involution in NJ(n)) which we know to have order 2 . 7 . 29. But by 3.13 
any involution in G which commutes with an element of order 7 is conjugate 
to an element v of V and since 2941 C,(v)1 = 285 . 7 . 13, there is no such 
involution y. We conclude that a = 14 and b = 1. Observing that (p - 1)/a = 
28/14 = 2 we have established: 
LEMMA 3.14. G has exactly two conjugacy classes of elements of order 
29 and if n is any such element, then C,(n) = (n). Since 2 is a primitive root 
mod(29) the members of one class are squares of members of the other class. 
At this point the information in 3.11 (c) can be updated to say that if d is 
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an element of order 5 in C,(5), then IC,(d)l divides 223 . 53, so it is easy to 
prove: 
LEMMA 3.15. r d is an element of order 5 in Co(t), then C,(d) = 
(d) x A,. Since lC,(d)l = 2*3 . 52 is not a multiple of 53, G has nonabelian 
Sylow 5subgroups. 
Proof: It was observed in 3.9 that d is conjugate to an element of order 5 
in C,(V) and if d is an element of order 5 in N&I’) then CNccV)(d) = 
(d) x A,. Furthermore, we know from 3.8 that r is central in some Sylow 5- 
subgroup of G so d must commute with a conjugate of r so 1 C,(d)1 must be a 
multiple of 5* so it must be a multiple of 223 . 5* dividing 223 . 53. Recalling 
that NJ(t))/(t) N PTL,(9) E Aut(A,) we see that the centralizer of d in 
N,((t)) is (d) x E, so that the normalizer of (t) in Co(d) is also (d) x C,. 
Since (t) is a Sylow 3-subgroup of Co(d) we see that the number n3 of Sylow 
3-subgroups of Co(d) is IC,(d)l/l(d) x Z, / = 1 C,(d)1/2 e 3 . 5 and so is a 
multiple of 10 dividing 50. But the only such multiple which is also 
congruent to 1 mod(3) is 10, so IC,(d)l = (10)(2 . 3 . 5) = 223 . 5’. If C,(d) 
is solvable, then so is Co(d)/(d) of order 2*3 . 5 and a Hall (3,5}-subgroup 
of C,(d)/(d) is abelian of order 3 . 5 forcing a Hall (3, 5 j-subgroup of 
Co(d) to be abelian of order 3 . 52 contradicting the known order of C,-(t). 
Since C,(d)/(d) is nonsolvable of order 2*3 . 5 it must be isomorphic to A, 
so C,(d) = (d) x A, as claimed. 
Remark. Since A, has only one conjugacy class of involutions and only 
one conjugacy class of elements of order 3, the same is true of C,(d). 
LEMMA 3.16. G has at least two conjugacy classes of elementary abelian 
subgroups of order 5* representatives of which are a Sylow 5-subgroup Q, of 
F and a Sylow 5-subgroup Q2 of C,(d). A Sylow 5subgroup P of G is 
nonabelian of order 53 and exponent 5. The centralizer of P in G is Z(P) of 
order 5. 
ProoJ A Sylow 5-subgroup Q, of F is elementary abelian of order 5 and 
has all of its elements of order 5 conjugate to r while a Sylow 5-subgroup Q2 
of C,(d) is elementary abelian of order 5* and has at least one element d of 
order 5 which is not conjugate to r so Q, and Q2 are not conjugate in G. A 
nonabelian group of order p3 must have exponent p or p2 and if the exponent 
is p* then there is only one elementary abelian subgroup of order p2, namely, 
the subgroup generated by all the elements of order p. A Sylow 5-subgroup P 
of G cannot have a unique elementary abelian subgroup of order 5* since it 
must have conjugates of both Q, and Q2 so P has exponent 5. Letting P be a 
Sylow 5-subgroup of G containing d we see that C,(P) E C,(d) and since 
the elements of order prime to 5 in C,(d) = (d) x A,, i.e., conjugates of v 
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and t, commute with 5subgroups of order at most 5 of G, we see that 
C,(P) G Q, c P so that Co(P) = C,(P) = Z(P) which must have order 5 
because the center of a nonabelian p-group is nontrivial on the one hand and 
never a maximal subgroup on the other hand. 
Much is known about nonabelian groups of order p3 and exponent p. 
First, p must be an odd prime and such groups are extraspecial p-gr.oups of 
exponent p. For any such group P, Z(P) = P’ = Q(P) has order p, so if Q is 
a subgroup of order p* of P, then Z(P) c Q so the subgroups of order p* of 
P are in 1 - 1 correspondence with the subgroups of order p of P/Z(P). P is 
unique up to isomorphism and if A = Aut(P) is the automorphism group of 
P, then Z = Inn(P) r P/Z(P), the inner automorphism group of P, is 
elementary abelian of order p* and Out(P) = A/Z, the outer automorphism 
group of P, is isomorphic to GL,(p). More precisely, there is a surjective 
homomorphism 0: A -+ GL,(p) with ker(o) = Z and an injective 
homomorphism t,u: GL,(p) -+ A such that ~a is the identity on GL,(p). If a 
is an element of A, then a acts on Z(P) by raising to the power det(ao) so 
the subgroup A + of A consisting of all automorphisms of P which centralize 
Z(P) has a(A’) N SL,(p). Since SL,(p) has a unique involution (-i _y) it 
is clear that A + has only one conjugacy class of involutions. We observe 
that if a is an automorphism of P such that CL~ = (-A -y) then C,(a) = 
GL,(p) and CA+(a) ‘v LX,(p) so that we can easily “see” subgroups of A 
and At, respectively, isomorphic to GL,(p) and SL,(p), respectively. If G is 
any finite group having P as a Sylow p-subgroup, then Z(P) is normal in 
N,(P) because Z(P) is characteristic in P. Thus N,(P) cN,(Z(P)) and 
N,(P) acts on P/Z(P) as well as on P and its action on the (elementary 
abelian) subgroups of order p* of P is the same as its action on the p + 1 
subgroups of order p of P/Z(P). If P is characteristic in C,(Z(P)), which 
happens if, and only if, P is the unique Sylow p-subgroup of C&Z(P)), then 
P is also normal in No(P) so No(P) = No(Z(P)) in such cases. The above 
facts are not hard to prove and proofs (in a more general setting) may be 
found in Huppert [4]. 
Specializing the above results to our simple group G of order 
2L433537 . 13 . 29 and letting P be a Sylow 5-subgroup of G we quickly 
establish: 
LEMMA 3.17. Let P be a Sylow 5subgroup of G. Then No(P) = 
N&Z(P)) has order 2s53 while C,(Z(P)) has order 2353. A Sylow 2- 
subgroup C, of C,(Z(P)) is a quaternion group of order 2’ while a Sylow 2- 
subgroup N, of N,(P) is isomorphic to a Sylow 2-subgroup ofGL,(S) and so 
is determined up to isomorphism. C&Z(P)) has a unique conjugacy class of 
involutions all of which are conjugate to z. 
Proof: Since C&Z(P)) has order 2353 it has a unique and thus charac- 
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teristic Sylow 5-subgroup, namely, P, so N,(P) = N,(Z(P)) which we know 
to have order 2j5’ by Lemma 3.8. Since C,(P)= Z(P) from 3.16, 
N,V’PV’) = Nc#-‘)/W’) = A%(P) is isomorphic to a subgroup of 
Aut(P). Thus a Sylow 2-subgroup N, of order 25 of N,(P) (more precisely 
its image in N,(P)/Z(P)) is mapped by c into GL,(5) (which has order 
2j3 . 5) so N, is isomorphic to a Sylow 2-subgroup of GL,(5). Similarly, a 
Sylow 2-subgroup C, of order 2’ of C,(P) is mapped by c into ,X,(5) 
which has order 2’3 . 5 so C, is isomorphic to a Sylow 2-subgroup of 
X,(5) which is a quaternion group of order 2’. Since C, has a unique 
involution, C,(Z(P)) h as only one conjugacy class of involutions which are 
conjugate to z in G by 3.7. 
LEMMA 3.18. G has precisely two conjugacy classes of elementary 
abelian subgroups of order 5’. 
Proof: We know from 3.16 that G has at least two conjugacy classes of 
subgroups of order 5’. Let P be a Sylow 5-subgroup of G and consider the 
action of N,(P) on the subgroups of order 5’ of P (i.e., on the six subgroups 
of order 5 of P/Z(P)). Now N,(P)/P is isomorphic to a Sylow 2-subgroup of 
GL,(5), which acts on the subgoups of order 5 of P/Z(P) with two orbits, 
one of length 4 and one of length 2, as we can see from looking at the 
action of a Sylow 2-subgroup of PGL,(S) on the six points of the projective 
line over GF(5) or by observing that N, = (( _ y A), (i -i), ( _ f :)) has two 
orbits on subgroups of order 5 of P/Z(P) with ( A ), ( f ), (_ :), and ( 7 ) in one 
orbit and ( l) and (.-:) in the other orbit. 
LEMMA 3.19. G has precisely two conjugacy classes of elements of order 
5, with r and d as representatives. 
ProoJ A Sylow 5subgroup P of G has exactly 31 subgroups of order 5 
one of which is Z(P) and the remaining 30 fall into 6 conjugacy classes of 5 
each in P, one such class for each of the 6 subgroups of order 52 of P. To 
see this observe that in each subgroup of order 5’ of P, Z(P) is normal in P 
while the remaining 5 subgroups of order 5 are conjugate in P. Since G has 
only two conjugacy classes of subgroups of order 52 there are at most three 
conjugacy classes of subgroups of order 5 in G, namely, Z(P) and another 
subgroup of order 5 from a representative of each of the two conjugacy 
classes of subgroups of order 52. However, all subgroups of order 5 are 
conjugate in Q, so in fact G has only two conjugacy classes of subgroups of 
order 5 with (r) and (d) as representatives. Since we have already seen in 
3.8 and the proof of 3.9, respectively, that all nonidentity elements of (r) and 
(d), respectively, are conjugate in NF((r)) and N&(d)), respectively, and 
thus certainly in G, we have proved that G has precisely two conjugacy 
classes of elements of order 5 with r and d as representatives of these classes. 
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At this point we have determined all conjugacy classes of elements of 
prime order p > 2 and the precise structure of their centralizers. From this 
information it is easy to determine all conjugacy classes of elements of order 
a multiple of p > 2. 
4. THEP-SINGULAR ELEMENTS OF G FOR p> 2 
Let x be an element of order n in a finite group G. Then x is said to be: p- 
singular if n is a multiple of p, p-power if n is a power of p, and p-regular if 
n is relatively prime to p. The following result is a consequence of 
elementary facts about integers. 
LEMMA 4.1. If x is a p-singular element of a group G, then there exist 
unique elements y and z in (x) such that y is p-power, z is p-regular, and 
x = yz. 
For any p-singular element x, the element y above is called the p-part of x 
while the element z above is called the PI-part of x. 
LEMMA 4.2. Suppose x, and x2 are two p-singular elements of a group 
G. Then x, and x2 are conjugate in G if; and only if, both of the following 
hold: 
(a) The respective p-parts y, and y, of x, and x2 are conjugate in G, 
say yz = yp for some element o of G. 
(b) The respective PI-parts zl and z2 of x7 and x2 are conjugate in 
G(Yd 
Proof (=). If x1 and x2 are conjugate in G, then x2 = xf for some u in G 
so x, = xl = (y, zJ’ = ylz; with y; p-power and zy p-regular since they are 
conjugates of y, and z,. Since y, and z1 are in (x1), yp and zp are in (x,)” = 
(xy) = (x2) so by the uniqueness of yz and z2 we get y, = yy and z2 = zy. 
Since zy and z2 are equal they are certainly conjugate in C,(yz). 
(t). From (a) we get y, = yp and from (b) we get z2 = (zy)” for some p 
in C&y&. But then y, = y; so x2 = y,z, = ygz, = (yy)” (~7)~ = Y~z:~ = 
(yIzlyp =xy which shows that x, and x2 are conjugate in G. 
For any group H it is customary to denote the largest normal p-subgroup 
of H by O,(H). An immediate consequence of (b) of the above lemma is: 
COROLLARY 4.3. The number of conjugacy classes of p-singular elements 
of G whose p-part is y is the same as the number of conjugacy classes of p- 
regular elements in C,(y) or in C,(y)/(y) or in C,(y)/O,(C,(y)). 
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ProoJ The three groups C,(y), C,(Y)/(Y), and C&)/G,(C&)) all 
have the same number of conjugacy classes of p-regular elements. 
As a more quantitative immediate consequence of Lemma 4.2 we have 
COROLLARY 4.4. Suppose x is a p-singular element of G whose p-part is 
y and whose p/-part is z. If the centralizer in C,(y)/(y) of the image of z 
has order c then 1 C,(x)1 = p’c, where pr is the order of y. 
In the applications of 4.4 here, pr will always be just p. Since we know the 
precise structure of C,(y)/U,(C,( y)) f or all elements y of prime order p > 2 
in G and since we have sufficient information about C,(y)/(y) we can use 
the above corollaries to determine the conjugacy classes of p-singular 
elements of G for p > 2 as well as the orders of centralizers of representatives 
of these classes. 
LEMMA 4.5. Representatives of the conjugacy classes of 3-singular 
elements $ G are: 
(4 t of order 3 with /C,(t)1 = 24335; 
(b) tz of order 6 with IC,(tz)l = 243; 
(c) tf, of order 12 with IC,(tfi)i = 233 with f: = z; 
(d) tfi of order 12 with /C&J = 2*3 with f: = z; 
(e) td of order 15 with 1 C,(td)l = 3 . 5; 
(f) te, of order 24 with ICc(te,)l = 233 with e: = f, ; 
(g> te2 of order 24 with IC,Jte,)l = 233 with e: = f,. 
The representatives in (a)-(d) are conjugate to elements of F denoted 3A, 
6.4, 12,4, and 12B in Table I, whereas the representatives in (e)-(g) are not 
conjugate in G to any elements of F. In particular, the classes of F denoted 
12B and 12C in Table I must fuse in G. Furthermore f, is conjugate to 4B, 
fi is conjugate to 4G, while e, and e, are both conjugate to 8E in Table I. 
Proof Since G has only one conjugacy class of 3-power elements and t 
is a representative of this class we may assume that the 3-part of any 3- 
singular element of G is conjugate to t. From 3.2 we know that 
C,(t)/(t) N M,, so we consult a character table of M,, (see Appendix 1) and 
apply 4.3 and 4.4 to obtain the above list. The identification of the represen- 
tatives in (a-d) with corresponding elements of F from Table I is a routine 
exercise, as is the verification of the last sentence. 
Since G has precisely two conjugacy classes of 5-power elements with r 
and d as representatives of these classes we may assume that the 5-part of 
any 5-singular element of G is conjugate to either r or d, so the following 
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two lemmas account for all the conjugacy classes of 5singular elements 
of G: 
LEMMA 4.6. Representatives of the conjugacy classes of Ssingular 
elements of G whose 5-part is conjugate to r are: 
(a> r of order 5 with /C,(r)1 = 2353; 
(b) t-z of order 10 with IC,(rz)l = 235; 
(c) rf3 of order 20 with lC,(rf3)l = 2’5 with f: = z; 
(d) rf4 of order 20 with IC,(rf4)l = 25 with f i = z; 
(e) rf, of order 20 with ICa( = 2*5 with f: =z; 
The representatives in (a-c) are conjugate to elements of F denoted 5.4, lOA, 
and 2OA in Table I, whereas the representatives in (d) and (e) are not 
conjugate in G to any elements of I;. In particular, the classes of F denoted 
2OA and 20B in Table I must fuse in G, as must their respective fifth powers 
40 and 4E. Thus f3 is conjugate to 4D while f, and f, are both conjugate to 
4G in Table I. 
Proof: From the proof of Lemma 3.17 we have C,(r)/G,(C,(r)) N Q,, 
the quaternion group of order 8. (In the notation of 3.17 O,(C,(r)) = P and 
(r) = Z(P).) All conjugacy classes of elements of Q, are 5-regular and they 
consist of the identity and a unique involution, both of which are central in 
Q,, and three classes of elements of order 4 which are self-centralizing in Q, . 
It follows that G has precisely three conjugacy classes of elements of order 
20 and all such elements are self-centralizing in G. In particular, the two 
classes denoted 2OA and 20B in Table I must fuse in G because if they did 
not fuse then they would have centralizers in G of order 235. The rest of the 
proof is routine. 
LEMMA 4.7. Representatives of the conjugacy classes of 5singular 
elements of G whose 5-part is conjugate to d are: 
(a) d of order 5 with IC,(d)( = 2*3 . 5*; 
(b) dv of order 10 with I C,(dv)l = 2*5; 
(c) dt of order 15 with 1 C,(dt) = 3 . 5. 
None of these representatives are conjugate in G to any element of F. 
Furthermore, dt has already been encountered in the discussion of the 3- 
singular elements in 4.5. 
Proof From Lemma 3.15 C,(d)/(d) ‘Y A, which has three conjugacy 
classes of 5-regular elements: The identity which is central in A,, an 
involution v whose centralizer in A, is the four group V, and an element t of 
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order 3 which is self-centralizing in A,. Since d is not conjugate to any 
element of F neither are any of these other representatives. 
LEMMA 4.8. Representatives of the conjugacy classes of l-singular 
elements of G are: 
(4 t.4 of order 7 with (C,(u)/ = 227; 
(b) uvl of order 14 with 1 C,(uv,)l = 2*7; 
(c) uv2 of order 14 with ) C,(uv,)J = 2*7; 
(d) uv3 of order 14 with 1 C,(uv,)l = 227. 
None of these representatives is conjugate in G to any element of F. The 
three involutions v r, v2, and v3 are the three nonidentity elements of V. 
Proof: From Lemma 3.13 C,(U)/(U) N V, a four group. All conjugacy 
classes of V are 7-regular and they consist of the identity and three 
involutions all of which are central in V. Since u is not conjugate to any 
element of F neither are any of the other representatives. 
LEMMA 4.9. Representatives of the conjugacy classes of 13.singular 
elements of G are 
(a> 4 of order 13 with IC,(q)/ =2213; 
(b) qv, of order 26 with (C,(qv,)[ = 2*13; 
(c) qv, of order 26 with ICa(qv2)l = 2*13; 
(4 qv, of order 26 with ( C,(qvJ = 2’ 13. 
The representative q is conjugate in G to an element of F but the others are 
not. 
Proof: From 3.7(d) C,(q)/(q)- V so argue as in the previous lemma. 
LEMMA 4.10. G has precisely two conjugacy classes of 29singular 
elements with n and n2 of Lemma 3.14 as representatives. 1 C,(n)1 = 
) C,(n*)) = 29. 
Proof: This was all proved in Lemma 3.14. 
As a check on some of the results above we determine the conjugacy 
classes of 2-singular elements of G whose 2-part is v. Since O,(C,(v)) = V, 
C,(v)/O,(C,(v)) = C,(v>/V2: Sz(8) by Lemma 3.6 and since the conjugacy 
classes of 2-regular elements of Sz(8) consist of the identity, which is central 
in Sz(8), a class of elements of order 5, and three classes each of elements of 
order 7 and 13, all of these nonidentity elements being self-centralizing in 
Sz(8), we see that the 2-singular elements of G whose a-part is conjugate to 
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2, are represented by: u itself, an element of order 10 (already encountered as 
du), three classes of elements of order 14 (already encountered as the uui’s), 
and three classes of elements of order 26 (already encountered as the qv,‘s). 
This is in perfect agreement with our previous results. 
At this point we are also able to prove 
LEMMA 4.11. C,(z)/O,(C,(z)) N Z, and therefore 1 O,(C,(z))j = 2”. 
ProojI Let c denote C,(z)/O,(C,(z)). Since IC,(z)l = 2r43 . 5 from 
3.7(b), and (z) is certainly in O,(C,(z)), C has order a multiple of 3 . 5 
dividing 2i33 . 5. Also c has no normal 2-subgroups. If C were solvable, 
then a Hall {3,5}-subgroup of C would have order 3 . 5 and therefore be 
abelian. However, no element of order 15 of G commutes with any 
involution by 4.5(e), so c must be nonsolvable. Since A, is the only 
nonabelian simple group of order dividing 2133 . 5, C must have a 
composition factor isomorphic to A, and all the other composition factors of 
C are 2-groups. Since a 2-group of order at most 2 can act faitfully on A? 
(and in so doing extends A, uniquely to Z, up to isomorphism) and since C 
has no normal 2subgroups, C must be isomorphic either to A 5 or to Z, . If C 
were isomorphic to A, then C would have two 2-regular conjugacy classes of 
elements of order 5 and thus G would have two conjugacy classes of 
elements of order 10 whose 2-part is z. But we have seen in Lemmas 4.6 and 
4.7 above that there is only one such conjugacy class of elements of order 10 
in G, so C must be isomorphic to C, as claimed and ) O,(C,(z)l = 2” 
follows. 
Remark. The group ,?Y5 has precisely three conjugacy classes of 2-regular 
elements: the identity, an element of order 3 (i.e., a 3-cycle), and an element 
of order 5 (i.e., a 5-cycle). Therefore G has precisely three conjugacy classes 
of 2-singular elements whose 2-part is conjugate to z. Representatives of 
these classes are: z itself of order 2, zt of order 6, and,zr of order 10. This 
also is in agreement with out previous results above. 
Up to this point we have determined all the conjugacy classes of p- 
singular elements of G for p > 2. In the next section we show that every 
element of G is conjugate to at least one of the following: 
(a) an element of F, 
(b) a p-singular element of G with p > 2, or 
(c) the element u. 
In particular, G has two conjugacy classes of involutions with z and u as 
representatives. 
481/86/l-14 
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5. THE CONJUGACY CLASSES OF ELEMENTS OF G 
We begin with a general lemma for counting the number of elements in a 
transitive permutation group (G, X) which fix points in X. Let H = G, = 
{g E G 1 xg = x} be the stabilizer of a point x in X. Since (G, X) is transitive 
the stabilizer G, of any other point y is conjugate to H = G,. Specifically, if 
y = xu, then G, = u -lG,a = H”. Consequently, the set of all elements of G 
which fix at least one point in X coincides with the set HG of all elements of 
G which are conjugate to elements of H. Let rr be the character of the 
permutation representation of G affording the permutation group (G, X). 
Then we have 
LEMMA 5.1. 1 HG I= 1 G I C l/ [n(h) 1 C,(h)l], where the sum is taken over 
one representative from each of the conjugacy classes of elements of H. 
Proof: HG is the union of all conjugacy classes C, , C, ,..., C, of elements 
of G which contain at least one element hi of H. Now Ci n H is a union 
Di, V Di, U ... U Diki of conjugacy classes of elements of H, so let dii be a 
representative element of D,. Since 
n(hi) = ,I$ [CG(hi) : C,(d,)l = 2 I C,(hi>l/l CAdJ~ 
j= I 
multiply both sides by I Cil/n(hi) = I Gl/n(hi) I C,(hi)l to get 
I Gil = (I GIl4hi) I C,(hi)I) 2 I C,(hi>l/l C,(dij)l j=l 
= 1 GI 2 l/n(hi) I C,,(d,)l. 
j=l 
If we now sum I Ci/ over 1 < i < I, then on the left we obtain HG and on the 
right we obtain I GI xi= i 2;~~ l/x(hi) I C,(d,)l. Since x(hi) = x(d,) for all j 
because 7c is constant on conjugacy classes of G, it is clear that the double 
sum above is a sum taken over one representative of each conjugacy class of 
elements of H. 
Applying the above result to our rank 3 group (G, X) of degree 4060 and 
recalling that G, = H N F we have 
LEMMA 5.2. Any element of G is conjugate in G to at least one of the 
following: 
(a) an element of F, 
(b) a p-singular element of G with p > 2, or 
(c) the element v. 
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Proof: Since we know z(f) and 1 C,(f)1 for any element f of F (this 
information is in Table I) we use Lemma 5.1 to compute IF’ 1 = 
62,33 1,347,520. Then we use the results of Section 4 to determine the sum of 
the cardinalities of those conjugacy classes ofp-singular elements of G which 
are not conjugate to elements of F and find this number to be 
83,593,543,680. This leaves only 1,252,800 elements of G to be accounted 
for and this number is precisely 1 Gj/285 . 7 . 13, the cardinality of the 
conjugacy class containing u, so all elements of G are accounted for. 
COROLLARY 5.3. G has precisely two conjugacy classes of involutions 
with z and v as representatives of these classes. 
To complete the determination of the conjugacy classes of elements of G 
we need only determine the conjugacy in G of the 2-power elements of F. To 
settle this question we need to examine the permutation representation of G 
on the cosets of F’, the commutator subgroup of F. We begin with some 
general results. 
In the remainder of this section H is a subgroup of a group G and K is a 
normal subgroup of H. The group G can be partitioned into H-double cosets: 
G=HuHg,HUHg,HU... U Hg, H, where n is the number of orbits of 
H on the left cosets of H in G. (In Section 1 this number was called the rank 
of the permutation representation of G on the left cosets of H.) Also H = 
KV Kh,V a.’ U Kh, is a partitioning of H into m = [H : K] left cosets of K 
in H. Since K is normal in H each left coset Khi is also a right coset h,K and 
thus a double coset KhiK. It is natural to ask when Khi g and Khjg are in 
the same double coset of K in G. 
hxMA 5.4. Kh, g and Kh, g are in the same double coset of K in G if, 
and only if there is an element k in K such that gkg-’ is in Kh,:‘h,i. 
ProoJ If Kh, g and Kh, g are in the same K-double coset then there must 
be an element k in K such that Kh, gk = Kh, g. Multiplying on the right by 
(hjg)-' = g-'hj' we find Khigkg-‘hj’ =K so that h,gkg-‘hi is in K. 
Multiplying on the right by hj and on the left by h;’ we get gkg-’ is in 
h,: ‘Khj which is Kh;‘h, because K is normal in H. To obtain the converse 
simply reverse the steps in this proof. 
COROLLARY 5.5. The double coset HgiH splits into precisely 
m = [H : K] distinct K-double cosets if, and only if, for every k in K we have 
gi kg; ’ not in K. 
The above corollary suggests a definition and a lemma. As before H is a 
subgroup of G and K is a normal subgroup of H. We say that K is H-closed 
in G if gKg- ’ in H implies gKg- ’ is in K for every g in G. 
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LEMMA 5.6. K is H-closed in G if, and only if, the number of K-double 
cosets in G is precisely [H : K] times the number of H-double cosets in G. 
Applying the above in the case where G is our (hypothetical) simple 
group, H is F, and K is F’, the commutator subgroup of index two in F, we 
have: 
COROLLARY 5.1. F’ is F-closed in G (i.e., no element of F’ is conjugate 
in G to any element of F - F’) if, and only if, there are exactly six F’-double 
cosets in G. 
Referring back to the terms and notation of Lemma 5.1, if wH is a 
character of a subgroup H of a group G, then the induced character vH T G 
of G has t,uH TG(g) = 0 if g is not conjugate in G to any element of H, 
whereas if hi is conjugate in G to an element of H, then wH T G(hi) = C tq(hi) 
[C,(hi) : C,(d,)], where the sum is taken over one representative d, of each 
of the conjugacy classes of H in Ci n H, Ci being the conjugacy class of 
elements of G containing hi. 
Since the characters of degree one of a group H are in one-to-one 
correspondence with elements of the commutator quotient group H/H’ in the 
case of F there are precisely two such characters. These are the principal 
character 1, of F and the alternating character Ed which has value +l on F’ 
and -1 on F-F’. Now the permutation character c of G is just 1, T G so 
we let rc* denote E, 7 G. Since l,, T F = lF + E, by the transitivity of 
induction we get l,, t G = (1, + sF) t G = 1,. T G + E,.. T G = rc + z*, so that 
z + rc* is the character of the permutation representation of G on the left 
cosets of F’. 
LEMMA 5.8. F’ is not F-closed in G. 
ProoJ Assume that F’ is F-closed in G so that no element of F’ is 
conjugate in G to any element of F - F’. Then by the formula for I+V~ T G we 
see that the restriction rc* 1 F of 7c* to F is the same as the restriction rc 1 F 
of 7c to F on F’ and is the negative of rc 1 F on F-F’. Thus 7c* 1 F = 
+(n 1 F) so that the irreducible components of x* 1 F are just those of 7c 1 F 
multiplied by E,. In particular these irreducible components agree on F’ and 
thus have the same degrees and multiplicities. Now the number of F’-double 
cosets in G is the same as the number of irreducible components of l,, T G = 
n+ z* is the same as the inner product of characters (rr + z*, 71 + n*) = 
CT n> + (x*7 z*). By Lemma 5.7 (i.e., if F’ is F-closed in G) this number is 
six. Since 7c has three irreducible components v,, w,*, , and w32,6 it is clear 
that YZ* must also have exactly three irreducible components which we 
denote 0, c, and r. Since G is a simple group and since the principal 
character v/i of G occurs precisely once in n + 7c*, none of the irreducible 
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components of rr* can have degree one. Since n* = Ed T G we know by 
Fobenius reciprocity that E, is an irreducible component exactly once in 
each of the restrictions 19 1 F, c 1 F, and < 1 F. Since rr* 1 F and ~1 F agree 
on F’, which contains all the involutions in F, and the irreducible 
components of II 1 F are given in Table I, we obtain the following tabulation 
which gives the degrees of the irreducible components of 7~* 1 F (under the 
assumption that F’ is closed in G) as well as their values on the two 
conjugacy classes of involutions in F: 
IwI= v(lA) 1 1 1 54 78 351 351 650 650 675 1248 
v/PA) 1 1 1 -10 14 31 31 10 10 35 -32 
VW) 1 1 1 6 -2 15 15 10 10 3 32 
VW > - y/W 0 0 0 -16 16 16 16 0 0 32 -64 
Since 2A and 2B are conjugate in G, the three irreducible components of x* 
must have the same values on 2A as on 2B so the same is true of their 
restrictions to F. Choosing the notation so that B 1 F has ‘y,,,, as a 
component we see that it must also have w675 as a component as well as at 
least two of the three characters w,*, w3sl, and Wan,. Furthermore, the 
irreducible component of rc* whose restriction to F has v54 as a component 
also has the remaining one of ~1,~) v35,, and wj5, as a component. Conse- 
quently, there remains at least one irreducible component of rr* whose 
restriction to F has only E,, precisely once, and characters of degree 650 as 
components. But since neither 1 + 650 = 65 1 nor 1 + 650 + 650 = 1301 
divides the order of G we have a contradiction, so F’ cannot be F-closed 
in G. 
Consequently, there must be elements of F’ which are conjugate in G to 
elements of F - F’. Thus there are at most five F/-double cosets in G so that 
X* has at most two irreducible components. 
LEMMA 5.9. The only possibilities for fusion in G of elements of F’ to 
elements of F - F’ are the following and all these fusions must occur: 
(a) 4B may fuse to both 40 and 4E (which we already know to be 
fused to each other in G from 4.6) in which case 1 Co(4B)I = 293 . 5 and 
n*(4B) = 20 - 6 - 6 = 8. 
(b) 4C may fuse to 4F in which case ICo(4C)I = 29 and 7r*(4C) = 
4-4=0. 
(c) 8A may fuse to 80 (this forces 8A to fuse to 8B also) in which 
case 1 C,(SA)I = 2’j and 7r*(8A) = 1 + 1 - 2 = 0. 
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(d) 16A may fuse to precisely one of 16C or 160 and then 16B must 
fuse to the other in which case lCo(16A)I = lC,(16B)I = 24 and n”(16A) = 
?7*(16B) = 1 - 1 = 0. 
ProoJ That these are the only possibilities is easily read off from Table I 
because in order for two (or more) elements of F to fuse in G they must have 
the same orders and the same values on z Next we compute the change in 
(X*9 x*) in each case of the fusions above, giving details only in (a). If the 
fusion in (a) does not occur, then n”(4B) = 32 and IC,(4B)( = 2’*3, 
n*(4DE) = -32 and ICo(4DE)I = 2125 so the reduction in the value of 
+*, z*), if this fusion occurs, is (32)2/2123 + (-32)*/2’*5 - (8)2/293 e 5 = 
1/223 + 1/225 - 1/233. 5 = (5 +3)/2*3. 5 - 1/233. 5 = 1/23. Similar 
arguments show that the reductions in cases (b), (c), and (d), respectively, 
are 1/23, 1/22, and l/2, respectively. Since the sum of all these reductions is 
1/23 + 1/23 + l/2* + l/2 = 1 and since (;TI*, n*) must be an integer all the 
fusions must occur. 
The above lemma completes the determination of the conjugacy classes of 
elements of G which are listed in Table II. Jt also follows from the proof 
above that (II*, 71”) = 2 so that 7~ * has precisely two irreducible components 
which we denote < and c. 
LEMMA 5.10. The two irreducible components of ?t* have degrees 406 
and 3654 and their restrictions to F are uniquely determined. 
ProoJ Since rt* 1 F is the same as 7c on F’ and the same as --71 on 
F - F’ except on the classes occurring in Lemma 5.9 where its values are as 
given there, we can compute the irreducible components of x* 1 F by using 
the character table of F N ‘F,(2). We form a table as in the proof of 
Lemma 5.8 where the degrees in the left hand column are those of the 
irreducible components of rc* 1 F: 
Iwl=v(lA) 1 1 54 351 351 650 1248 1404 
y/W > 1 1 -10 31 31 10 -32 60 
y/(2B) 1 1 6 15 15 10 32 12 
VW > - VW) 0 0 -16 16 16 0 -64 48 
Arguing as in 5.8 choose the notation so that [ 1 F has v/,248 as a 
component. Then it also has v1404 and at least one of the w~~,‘s as a 
component. If it has both of them as components then it also contains vs4 
which forces { 1 F = E, + wGSO and since 1 + 650 = 65 1 does not divide the 
order of G, this does not happen. So < 1 F has w54 and the other w35, as 
components leaving only w650 unaccounted for. If < 1 F has ve5,, as 
component, then ((1) = 1 + 54 + 35 1 + 650 = 1056 which does not divide 
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TABLE II 
The Conjugacy Classes of Elements of G 
u Powers 
1 
2, 
22 
3, 
4, 2, 
4, 2, 
4, 21 
4, 2, 
5, 
5, 
6, 2Jl 
7, 
8, 4, 
8, 4, 
8, 4, 
10, 45, 
10, 2*52 
12, 4*3, 
12, 4‘!3, 
13, 
14, 2,7, 
14, 227, 
14, 2,7, 
15, 315, 
16, 8, 
1% 8, 
20, 425, 
20, 445, 
20, 445, 
24, 8,3, 
24, 8,3, 
26, 2,13, 
2% 2,13, 
2% 2,131 
29, 
29* 
- 
I C&)1 
Name in F 
R n* X783 X3276 X406 X3654 or Sect. 4 
2143’5’7. 13. 29 4060 4060 783 
2143 . 5 92 92 15 
2’5. I. 13 0 0 -1 
24325 10 10 0 
2’O 4 4 -1 
2’3 . 5 32 8 15 
29 8 0 -I 
2’3 . 5 20 -20 15 
2’5” 10 10 8 
223 . 5’ 0 0 3 
243 2 2 0 
227 0 0 -1 
26 4 0 3 
2s 2 2 -I 
2”3 6 -6 3 
2’5 2 2 0 
225 0 0 -1 
2’3 2 2 0 
2’3 2 -2 0 
2’13 4 4 3 
2”l 0 0 -1 
227 0 0 -I 
2’7 0 0 -1 
3.5 0 0 0 
24 2 0 1 
24 2 0 1 
225 2 -2 0 
2I5 0 0 0 
2’5 0 0 0 
2”3 0 0 0 
2’3 0 0 0 
2*13 0 0 -1 
2’13 0 0 -1 
2>13 0 0 -1 
29 0 0 0 
29 0 0 0 
3276 406 3654 1A 
76 22 70 2AB=z 
0 -14 14 V 
9 1 9 3A=r 
4 -2 6 4A 
16 10 -2 4BDE 
8 2 -2 4CF 
4 -10 -10 4G 
1 6 4 5A=r 
-4 1 -1 d 
1 1 1 6A =rt 
0 0 0 u 
0 -2 2 8ABD 
2 0 2 8C 
2 -4 -2 8E 
1 2 0 1OA = zr 
0 1 -1 ud 
1 1 I 12A 
1 -1 -1 12BC 
0 3 1 13A=q 
0 0 0 VIU 
0 0 0 czu 
0 0 0 cu 
-1 1 -I td 
0 0 0 16AC 
0 0 0 1680 
1 0 -2 20AB 
-1 0 0 r.fd 
-1 0 0 6 
-1 -1 1 fel 
-1 -1 1 4 
0 -I 1 ctq 
0 -1 I c2q 
0 -1 1 “34 
-1 0 0 n 
-1 0 0 n2 
the order of G so v/65O is not a component of r 1 F. It follows that ( 1 F = 
E, + v54 + v351 is of degree 406 and < 1 F= G + w351 + v6SO + vl248 + vl4o4 
is of degree 3654 as claimed. 
Table II is a complete list of the 36 conjugacy classes of elements of G. In 
the first column we list the class names, in the second column we give the 
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class name of the pth power of the element if it is a p-power element of order 
greater than p and the class names of its p-part and its p’-part if it is not a p- 
power element. In the next column we give the order of the centralizer of a 
representative of the class. In the fourth and fifth columns we tabulate 71 and 
z*. In the next four columns we tabulate the irreducible characters of degree 
783, 3276, 406, and 3654 which occur as components of 7c + z*. In the last 
column we tabulate representatives of these classes in the notation of Table I 
or Section 4 or both. 
6. SOME MISCELLANEOUS RESULTS ON G 
After some preliminary results we prove that G has no outer 
automorphisms. 
PROPOSITION 6.1. The projective indecomposable module for G over the 
p-adics involving the principal module has character x, + x783 for p = 7 and 
has character x, +x3276 for p = 29. 
proof: Let n =x1 + xTB3 + x3276 be the permutation character of G on the 
left cosets of F. Since x(l) = 4060 = 2*5 . 7 . 29, 71 is a sum of p-projective 
indecomposables for p = 7 and p = 29. Since 3276 = 7.468 and 
783 = 29 . 27, x32,6 is a 7-projective indecomposable and x783 is a 29- 
projective indecomposable and the assertion follows. 
COROLLRY 6.2. Let S be a subgroup of G and 7~s be the permutation 
character of G acting on the left cosets of S. If zs( 1) = [G : S] is a multiple 
of 7 (resp. 29) then x783 (resp. x3& is a component of rrs. 
COROLLARY 6.3. The only permutation character of degree 4060 of G 
is 7~. 
Proof: Since 4060 = 225 . 7 . 29 both x7a3 and x3276 are components of 
any permutation character of degree 4060 by 6.2. Since 1 + 783 + 3276 
= 4060 such a permutation character is equal to 7~. 
The proof of the following technical lemma uses Table I together with the 
fact that if p is a permutation character of a group H, then ,u(h”) >,u(h) for 
all h E H and any integer m, a property we refer to as monotonicity of p. 
LEMMA 6.4. There is no nontrivial permutation character of F of degree 
less than 1400 in 7c 1 F. 
Proof Suppose to the contrary that p is such a permutation character in 
7~ 1F. 
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(1) Suppose w78 is a component of p. Since v7*(8A) = 2 and 
w7.J4A = 8A*) = -2, by monotonicity ,u must have a (possibly compound) 
component w with ~(4,4) - w(8A) = 4. But v/675 is the only irreducible 
character in x 1 F such that y/(4,4) - y/(8A) > 0 so vus,5 must also be a 
component of p. Since IJI~~(~D) = 2 and q1~~(4,4 = 80’) = -2 by 
monotonicity p must have a (possibly compound) component ly with 
v(4A) - ~(80) = 4. But the only irreducible components of 7c 1 F for which 
this difference is positive are vss,,, for which it is 4, and v/675, for which it is 
Only 2y so v/s50 must also be a component of p. Since 78 + 675 + 650 = 
1403 > 1400 we conclude that v7t, is not a component of p. 
c2) Suppose v650 is a component of p. Since ~~~~(12A) = 0 and 
v6so(6A = 12A’) = -2, by monotonicity p must have a component w with 
v(6A) - 1&12A) = 2. But the only irreducible components of rc 1 F for which 
this difference is positive are w7*, ruled out above, and w1248, so w,248 must 
also be a component of p. But 650 + 1248 = 1898 > 1400 so w650 is not a 
component of p. 
(3) Suppose that either v675 or vs4 is a component of p. Since 
I,u~~~(I~A) = 1 while tq675(8A = 16A*) = -1 and wS4(16A) = 0 while 
y,,(8A) = -2, by monotonicity p must have a component li/ with 
y(8A) - IJI( 16A) > 2. But the only irreducible components of rc 1 F for which 
this difference is positive are w,* and v/sso both already ruled out above. 
Thus neither w675 nor v/S4 can be components of p. 
(4) Suppose w1248 is a component of p. Since I,u,*~~(~OA) = 0 and 
~~~~~(10A) = -2 by monotonicity p must have a component v with 
y/(lOA) - 1420A) = 2. But the only irreducible components of rr 1 F for 
which this difference is positive are ws4, ruled out above, and the character 
v/351+ In x1755* Thus Wan,+ must be a component of p if w,248 is, and since 
1248 + 351 = 1599 > 1400 we conclude that tq,248 is not a component of p. 
(5) This leaves the two characters of degree 351 as the only possible 
non-principal components of p but neither 1 +351 =352 nor 
1 + 35 1 + 35 1 = 703 divides the order of F so there is no such P. 
LEMMA 6.5. G has only one conjugacy class of subgroups isomorphic to 
F. 
Proof: Let F, be a subgroup of G isomorphic to F. From 6.3 it follows 
that the permutation character n,, of G on the left cosets of F, in G is the 
same as rr so that F has precisely three orbits on the left cosets of F, in G. 
Furthermore, if F, is not conjugate to F in G, then none of these orbits has 
length one, so one of them has length at most 4060/3 = 1353 l/3. Suppose P 
is the permutation character of F on such an orbit. Since rc, = rc it is clear 
that 7cp, 1 F = rr 1 F so p is a component of n 1 F. Since it wa$ proved in 6.4 
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that there is no such p in rz 1 F we conclude that F, must be conjugate to F 
in G. 
Next we need a rather general lemma on automorphisms of a group. 
LEMMA 6.6. Let K be a group and a an automorphism of K. If a is 
trivial on K/Z(K) then a is trivial on the commutator subgroup K’ of K. 
Proof. Choose k,, k, E K. Since a is trivial on K/Z(K) there are 
elements zi and z2 in Z(K) such that kp = kizi for i= 1,2. But then 
[kl,W= [kY,kFl= [k,z,, k,z,] = [k,, k2] proving that a is trivial on K’ 
as claimed. 
PROPOSITIONS 6.1. G has no outer automorphisms. 
ProoJ: Suppose a E Aut(G). By 6.5 there is an inner automorphism ,kI of 
G such that a/I normalizes F. Since F has no outer automorphisms [b] there 
is an inner automorphism y of F which agrees with the restriction of a/I to F 
so 6 = a/$- ’ is an automorphism of G which centralizes F. In particular 6 
centralizes an element t of order 3 in F and therefore normalizes C,(t) = K 
while centralizing CF(t) = K f? F, which has index 10 in K and thus is a 
Sylow 3-normalizer of K. Furthermore 6 normalizes C,(t)/(t) = 
K/Z(K) = Ml o while centralizing (K n F)/Z(K) which is isomorphic to a 
Sylow 3-normalizer of M,,. But a Sylow 3-normalizer of M,, has trivial 
centralizer in Aut(M,,) E PTLz(9) so 6 centralizes K/Z(K) and thus by 6.6 
it centralizes K’ = Co(t)‘, where K’/Z(K) = (K/Z(K))’ = A,. Consequently 
K’ has elements of order 15 and thus is not a subgroup of F. Since F is a 
maximal subgroup of G and 6 centralizes both F and K’ $ F it must 
centralize all of G so 6 must be the trivial automorphism of G and then 
a = $ ’ must be an inner automorphism of G so the proof is complete. 
PROPOSITION 6.8. G has a proper covering group G with center of 
order 2. 
Proof: Consider the inverse image of the permutation group (G, X) in the 
proper covering group A, N adoe,, of the alternating group A, 2: A,,,, . Since 
v moves all 4060 z 4 mod(8) elements of X, its inverse image in a, is an 
element of order 4 by an old result of Schur [5]. Therefore, the inverse image 
G of G is a proper 2-fold covering of G. 
Remark. The above argument was first used by R. Griess in obtaining 
proper coverings of other simple groups [2] and he has informed the author 
that he has proved. 
PROPOSITION 6.9. G above is a universal proper covering of G, i.e., the 
Schur multiplier of G has order 2. 
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APPENDIX 1: THE CHARACTER TABLE OF M,, N C,(t)/(t) 
1 24325 
2 2” 
3 32 
4, 23 
5 5 
4, 22 
8, 23 
8, 23 
8,= 8; 
1 9 10 10 16 1 9 10 
I 1 -2 2 0 1 1 -2 
1 0 1 1 -2 1 0 1 
1 1 0 -2 0 1 1 0 
1 -1 0 0 1 1 -1 0 
1 1 0 0 0 -I -1 
1 -1 \/T 0 0 -1 1 
1 -1 -fi 0 0 -1 1 
-dj 
APPENDIX 2: THE CHARACTER TABLE OF S.48) = 2B,(23) N C,(V)/V 
1 265. 7. 13 
13, 13 
13, = 13: 13 
13, = 13: 13 
1, 1 
7,= 7: 7 
7, = 7: I 
5 
2 26j 
4, 2” 
4,=4,’ 24 
1 64 14 14 91 35 35 35 65 65 65 
I-l 1 1 0 a, a* a, 0 0 0 
1 -1 1 1 0 a2 a4 a, 0 0 0 
l-1 1 1 0 a4 a, a2 0 0 0 
11 0 0000 0 P, P2 P, 
11 0 0000 0 B, 8, PI 
11 0 0000 0 8, P, 82 
l-l -1 -1 1 0 0 0 0 0 0 
I 0 -2 -2 -5 3 3 3 1 1 l 
1 0 2i -2i -1 -1 -1 -1 1 1 1 
1 0 -2i 2i -1 -1 -1 -1 1 1 1 
ai = ii + cm’ + isi + <-8’, <I3 = 1 + 5 
p,=,l’+P, /I’= 1 #A 
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APPENDIX 3: THE IRREDUCIBLE CHARACTERS OF ‘Fd(2)=G, 
Note. The remaining irreducible characters of 2F,,(2) are obtained by multiplying the first 12 by E, 
1A 
2A 
2B 
3A 
4A 
4B 
4c 
5A 
6A 
8A 
8B 
8C 
1OA 
12A 
13A 
16A 
16B 
2’2335213 
2125 
2”3 
2j3’ 
2’ 2A 
2’3 2B 
2’ 2B 
2252 
233 2B3A 
26 
26 j”A” 
24 4c 
225 2A5A 
223 4B3A 
:;’ 8A 
24 8B 
40 2”5 2A 
4E 2’5 2A 
4F 2’ 24 
4G 263 2B 
80 2j 4A 
8E 24 48 
12B 223 4G3A 
12c 223 4G3A 
16C 24 8A 
160 24 8B 
20A 2=5 4D5A 
20B 2=5 4E5A 
1 
1 
21 
-5 
3 
0 
-1 
3 
-1 
2 
0 
-l-2i 
-1+2i 
-1 
0 
0 
1 
-i 
I-4i 
1 +4i 
1 
-3 
-1 
-1 
0 
0 
-i 
l+i 
l-i 
21 
-5 
3 
0 
-1 
3 
-1 
2 
0 
-1+2i 
-1-2i 
-1 
0 
0 
1 
-i 
1 + 4i 
1-4i 
I 
-3 
-1 
-1 
0 
0 
-i 
l-i 
l+i 
78 300 325 351 
14 -20 5 31 
-2 -4 -11 fi5 
-3 3 1 D 
-2 4 5 -‘I 
2 -4 1 3 
2 4 1 3 
3 0 0 1 
1 -I 1 0 
2 0 I ’ 
2 0 1 1; 
0 0 -1 1 
-1 0 0 1 
-1 -1 1 0 
0 1 0 0 
0 0 -I -1 
0 0 -1 -i 
6 0 5 9 
6 0 5 9 
-2 0 -3 I 
2 0 1 -3 
2 0 1 1 
0 0 -1 -1 
-1 ifi I 0 
-1 -ifi 1 0 
0 0 -1 1 
0 0 -1 1 
1 0 0 -1 
1 0 0 -1 
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APPENDIX 3-Continued 
351 351 
-1 -1 
-9 -9 
0 0 
3 3 
3 3 
-1 -1 
1 I 
0 0 
-1+2i -I-2i 
-I -2i -1f2i 
1 1 
-1 -1 
0 0 
0 0 
i -i 
-i i 
5 +4i 5 - 4i 
5 -4i 5 + 4i 
-3 -3 
-3 -3 
-1 -1 
1 1 
0 0 
0 0 
i -i 
-i i 
-i -i 
i 
650 615 1728 52 1248 1404 2600 4098 
10 35 -64 -12 -32 60 40 0 
10 3 0 4 32 12 -24 0 
2 0 0 -2 6 0 8 -8 
2 3 0 -4 0 4 -8 0 
6 3 0 -4 0 -12 0 0 
-2 3 0 4 0 -4 0 0 
0 0 3 2 -2 4 0 -4 
-2 0 0 -2 2 0 0 0 
2 -1 0 0 0 0 0 0 
2 -1 0 0 0 0 0 0 
0 -1 0 0 0 0 0 0 
0 0 1 -2 -2 0 0 0 
0 0 0 2 0 0 0 0 
0 -1 -1 0 0 0 0 1 
0 1 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
10 5 16i 0 0 0 0 0 
10 5 -16i 0 0 0 0 0 
2 5 0 0 0 0 0 0 
6 -3 0 0 0 0 0 0 
-2 1 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 
0 -1 0 0 0 0 0 0 
0 -1 0 0 0 0 0 0 
0 0 i 0 0 0 0 0 
0 0 -i 0 0 0 0 0 
1 
1 
1 
1 
1 
I 
1 
1 
I 
1 
1 
I 
I 
1 
1 
1 
1 
-I 
-I 
-I 
-I 
-I 
-I 
-1 
-1 
-1 
-I 
-1 
-I 
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APPENDIX 4: THE CHARACTER TABLE OF G;=F'= *Fd(2)’ 
1A 
24 
28 
3A 
4A 
4B 
4c 
5A 
6A 
8A 
8B 
8C 
8C* 
1OA 
12A 
12/i* 
13A 
13A* 
16A 
16AL 
168 
16B* 
2”335213 1 
2”5 1 
2’3 1 
2’3’ 1 
2’ 1 
263 1 
26 1 
2.52 1 
2’3 1 
2s 1 
2s 1 
24 1 
24 1 
2.5 1 
223 1 
2’3 1 
13 1 
13 1 
24 1 
24 1 
24 1 
24 1 
26 26 21 27 78 300 325 351 
-6 -6 -5 -5 14 -20 5 31 
2 2 3 3 -2 -4 -11 15 
-1 -1 0 0 -3 3 1 0 
-2 -2 -1 -1 -2 4 5 -1 
-2 -2 3 3 2 -4 1 3 
2 2 -1 -1 2 4 1 3 
1 1 2 2 3 0 0 1 
-1 -1 0 0 1 -1 1 0 
0 0 -1+2i -l-2i 2 0 1 -1 
0 0 -l-2i -1+2i 2 0 1 -1 
0 0 -1 -1 0 0 -1 1 
0 0 -1 -1 0 0 -1 1 
-1 -1 0 0 -1 0 0 1 
1 1 0 0 -1 -1 1 0 
1 1 0 0 -1 -1 1 0 
0 0 1 1 0 1 0 0 
0 
-ifi 
iJz 
iJz 
-ifi 
1 
-i 
-i 
i 
i 
1 
i 
i 
-i 
-i 
0 1 0 0 
0 0 -1 -1 
0 0 -1 -1 
0 0 -1 -1 
0 0 -1 -1 
- 
351 
-1 
-9 
0 
3 
3 
-1 
1 
0 
1 - 2i 
1 + 2i 
1 
1 
-1 
0 
0 
0 
0 
I 
-i. 
i 
i 
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APPENDIX 4-Continued 
351 
-1 
-9 
0 
3 
3 
11 
1 
0 
-1-2i 
-I--i 
1 
1 
-1 
0 
0 
0 
0 
-i 
-i 
624 624 650 675 702 
-16 -16 10 35 30 
16 16 10 3 6 
3 3 20 0 
0 0 33 2 
0 0 63-6 
0 0 -2 3 -2 
-1 -1 0 0 2 
1 1 -2 0 0 
0 0 2-1 0 
0 0 2-l 0 
0 0 2-l 0 
0 0 2-l 0 
2-s xi 8 
-\/s fi 0 0 0 
0 0 O-l 0 
0 0 O-l 0 
0 0 0 1 fi 
0 0 0 1 -\/z 
0 0 0 1 fi 
0 0 0 1 -fi 
702 1300 1300 1728 
30 20 20 -64 
6 -12 -12 0 
0 4 4 0 
2 -4 -4 0 
-6 0 0 0 
-2 0 0 0 
2 0 0 3 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 2 -2 0 
0 -2 2 0 
0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 -1 
- 
0 0 -1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
2048 
0 
0 
-4 
0 
0 
0 
-2 
0 
0 
0 
0 
0 
0 
0 
0 
1+J13 - 
2 
l-q% 
2 
Vi048 
2048 
0 
0 
-4 
0 
0 
0 
-2 
0 
0 
0 
0 
0 
0 
0 
0 
1-fi 
2 
1+fi 
2 
0 
0 
0 
0 
218 ARUNAS RUDVALIS 
ACKNOWLEDGMENTS 
The author wishes to thank J. S. Frame, W. Feit, and R. Griess for many helpful comments 
and suggestions. He also wishes to thank and congratulate J. Conway and D. Wales for 
proving the existence of G[ 11. 
REFERENCES 
1. J. CONWAY AND D. WALES, The construction of the Rudvalis simple group of order 145, 
926, 144, 000, J. Algebra 27 (1973), 538-548. 
2. R. L. GRIESS‘ Schur multipliers of finite simple groups of Lie type, Trans. Amer. Math. 
Sm. 183 (1973), 355421. 
3. D. HIGMAN, Finite permutation groups of rank 3, Math. Z. 86 (1964), 145-156. 
4. B. HUPPERT, “Endliche Gruppen I,” Kapitel III, Sect. 13, Springer-Verlag, Berlin, 1967. 
5. I. SCHUR, Uber die Darstellungen der symmetrischen und alternierenden Gruppen durch 
gebrochene lineare Substitutionen. J Math. (Crelle) 139 (191 l), 155-250. 
6. R. STEINBERG, “Lectures on Chevalley Groups,” Yale Univ. Math. Dept. Lecture Notes, 
New Haven, Conn., 1968. 
